Recap: math
Statistical Methods in NLP2
ISCL-BA-08
Gagn Goltekin
ccoltakindsts. uni-tucbingen.da
Gniversity ofTingm
S o Syt

‘Summer Semester 2026

Linear algebra

Linear algebra is the field of mathematics that studies vectors and matrices.
+ A vector is an ordered sequence of numbers

v=(617)

« Amatrixis a rectangular arrangement of numbers

21
A<
+ Awell-known application of linear algebra is solving a set of linear equations
2+ x o= 6 P 2 1] [x]_[6
X+ 4o = 17 [ Rl 0¥ Rl

Vectors
+ Vectors are objects with a magnitude and a
direction
+ We represent vectors with an ordered list of
Rumbers v = (v1,v2,.-.vn)

« The number . (the number of elements or
entries of the vector) isits dimension

+ We often call an n dimensional vector as n-vector
« The vector of n real numbers s said to be in ™
eR®

+ Typical notation for vectors:

-

va.vs)

Multiplying a vector with a scalar

+ Fora vector v = (v,v2) and a scalar
av = (avi, av2)
« multiplying with a scalar ‘scales’ the
vector
« We can use the notation a1 for a
vector whose all entries are o

Vector addition and subtraction

For vectors v = (v1,v2) and = (wy,w2)

evus (v e bw)

12421 =33

cvou=viu)
12-@n=11

+ Forany vectorv, v +0=v

Properties of vector operations

o and s pl
wEvoviu

vector 150 show the

properties
alu+v)=au+av

(a+blv=av+by

Dot (inner) product

« Dot product tion between

V=W U

« Calculate the dot products for the following vectors

Properties of dot product

« Commutativity u.
« Distributivity with vector addition w- (v +v) = w-v + u-u
blu-v)

« Associatioity with scalar multiplication (au) - (bv)

B 1o
4] [3 47 [-3] = e of 1 o P the result of the dot product is
[ R L L I T it
o s
« Note ot dtproduc g the et e Sl
Dot product with unit vectors L2 norm
« Euclidean norm, or L2 (or Ly) norm
. e 7
« Forv=(vi,v2,...vn],
I 6
\ { vl = 5 3 v
D=0 woo==] « For example,

« The dot product s larger if the vectors point to the similar directions

/353

« L2 norm s the default, we often skip
the subseript [v]]

13,31 ViE

Euclidean distance Cosine similarity
+ Fuclidean distance betuveen two + The cosine ofthe angle between two
vectors i the L2 norm o their vectors
difierence y -
s o0 = U
Dlw,v) = Ju—v| = /(-6 +(-1)2 u Tll-Tral
s called cosine sty
+ Euclidean distance i a metric R A e
et —ul = x similarty is notsensiive to the
- non-negative ‘magnitudes of the vectors.
i obeys the triange ncquality 5
D) < Dl w) + Dlvwrv) « The cosine similarity is bounded in
foranyw range (1, +1




L1 norm Multiplying a matrix with a scalar

+ Another norm we will often
encounter s the L1 norm

¥
vl = Wl + ol aal Similar to vectors, each elementis multiplied by the scalar
163, 3l =31+ 131 = | 1[1 V]:[lxl m]:r ;]
4] =[2x7 2x4
« L1norm is related to Manhattan 14 B0 3 128
distance

Matrix addition and subtraction

Transpose of a matrix

Each clement is added to (or subtracted from) the corresponding clement

‘Transpose of a1 x m matrix is an m 1 matrix whose rows are the columns of the

original matrix.
20 o) _f2 2 \
Transpose of a matrix A is denoted with A
[v 4]*[v a]’[za] i

=l s

Note

a v

A= |c a
. defined the same e f
dimensions

Matrix-vector multiplication Matrix multiplication transforms vectors
« An ¢ m matri can be multplied with a mvectorto yield a r-vector
+ Example
[1!0])(?7[1x04x1+0x1]7[1] b=
o) i = likoroxirie = o da .o
+ Oneview ofthis operation: exch entry in the reuling vector is a dot product « Matricesdefine a lineas operator or ,
(of roves of the matri and th vect

function

« Another: the resultis a linear combination of the columns of the matrix (with
the entries in the vector as coeffcients)

ox [l < o -]

.U
rotate/reflect a vector

Transformations by non-square matrices Du« product as matrix multiplication

« Multiplying a vector with (compatible) rectangular matrix results in a vector R

with different dimensionality Then,the dot prodict o o vectors s
« Example ¥ — &2

2o [0 o
1o o 0] For example, u = (2,2) and v -2),

0 T
Y
of * '] = 2| - Thisisalx1
ol

treated as scalars

« Example B — R' =2x242x -2

21
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o 2
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Vectors e

Multiplying a vector with a matrix trasnforms it into the ‘column space’ of the
matrix

Question: What s the transformation performed by dot product?

Outer product Matrix multiplication
The outer prodic of two column vectors is deined as
. « i Aisan x k matri, and B s k x m matri,their product C isan x
At ‘matrix
+ Elements of , , are defined as
1 123
Hx[‘ 2 ;]:[2 g s]
=) auby
Note: “
« The result is a matrix + Note: ¢ is the dot product of the i row of A and the j* column of B
+ The vectors do not have to be the same length
Matrix multiplication Alternative ways to think about matrix multiplication
(demonstation)
an an o b b b
I IV T
+ Column vectorsof €, ¢, ~ Ab
ant Gz ank bur i e b + Row vectors of C, €] = alB
S S- gp + Cisalsothe sum of outer product of columns of A and rows of B
oY anl

e e o e

@

Cnt Cnz - Cum




Properties of matrix multiplication

sociativity
(ABIC = A(BC)

« Distributivity
A(B+C) = AB+AC

(A+B)C=AC+BC
« Multiplication by Identity

Al=A

Row reduction and solving systmes of linear equations
1) ] [
_ b IE)=[0]
+ Weapply peraions s obtain an
upper tringle matrix
1o
2

+ Elementary row operations are
- Maliply oneol the s wih o e sl
(o subact) a mliple o one s fom ancer

+ Matrix multplcation is not commutative AB  BA (in general) e
+ Matrix multplication and transpose
(AB)T = BTAT
Solution with row reduction Solving systems of linear equations
1 <9[0
2 =
+ Add-2xrowltorow?
1o
o 1|3 + The solution s the
intersection ofthe lines
+ This coresponds to L defined by the cquations
e (the rous of the matrix)
where we already see xa = 3
o i this n the

Solving systems of linear equations
Geometri rpretation 2)

« The solution satisfies the
linear combination of the
coltumn vectors of the matrix

tems of equations with singular matrices

« Whatis the rank of the following matrix?

12
A:|:2 A]
+ Can we solve Ax = b

e [ir

e[}

[T

Systems of equations with singular matrices

Demonstrtion of no solution

g

Systems of equations with singular matrices

Demonstrtion of nosolution (another vien)

Fah

12 1
S I : en[2]-2
A 2 4 [x ][0 / x[]x,[ ]:[]
- ETIN o fay sx|a)tal,
A9 IR .
A+ g =0 af + Alllinear
R 4'_'<'_'\—‘ o O . I I S R 1 b
* Linesar parll o cch oter o 7 2 |and| 4 | bound tobeon the
intersection, no solut s dotted line: no inear combination
- can pmdn(e[v
Systems of equations with singular matrices Systems of equations with singular matrices
Demonstaton ofmfnite b of slutions Demonstationof nfinite: numbe fsoutons (another view)
: HIBEY
SR 1 123 2 bl Lo
RE 2 4] [ x 3 =x.[‘]+x1[1]:[3]
1o T Lo+ ox =3 2 tile
o+ 20 =6

+ Lines are identical: any point on the
line i a solution

+ There are many (x1,%2)
combinations that sy the

- I « More?
Matrix inverse Systems of equations with rectangular matrices
« Ifwe have Jinear equation ax=b, the wide matrice (more columns than ows)
solution is
1
=gt o « This means n x m rectangular matrices with n < m,
- Weaan linear equa « Note: the rank of such a matrix is always < 1
§ Ax NN « Exercise: solve. N
424 _[we
" (and notall 223|127
are invertible) X
« When it exists, A'A = AA~ = 1 + In this case we have
oI t ible,  version of eliminati be used to find the = o solution f rank r <  (number o rows)
inverse ~ infinitely many solution f ank  —
- Crat the augmented mtrx AI)
- Use clementary ow operations o obtan 1]
- I successfl, B =




Systems of equations with rectangular matrices Determinant
ol matrices (mor rows thancolums)

« This means n x m rectangular matrices with m < n,

+ Note:the rank of such a matrix s always < m o provides alotof
i information about the matrix
42 10  Whser ot o s c
22 [ " ] =4 - Cileulaingdgenvaucsand clgmciors
45 3  Sclving sygermaoe linessecua
~ Determining he (S Shange fsolume’ cased by th nesr
it csse e have rarsormation delned by the matrix
=g ighthand
Z Rosotution therwise
+ Wewill work withthis case more often
Determinant Determinant
cxampl geometcmrpreaton (1 cample geomeic nerpretton 2)
0 -1
1o
+ detia) =2
Determinant Determinant
ccamplegrometc marpretaon (3 ample gemeric nerprtaton ()
2 0= [‘m‘m] x [eos120 sin120]
A=lo 1 _[025 —oas
© detA) =2 =l-oas o7
« det(A)
— e
Eigenvalues and eigenvectors Eigenvalues and eigenvectors
viualzaton
+ We can viw any linear transformation a a combination o scalng and
rotation (and refection)
o directions
vectors n
+ The scalingfoctor inthesedivections i caled cigerietes
o it A T T
Av=rw
o —
Diagonalization Matrix powers and matrix inverse
(@igemalo decomposton) + Matrtx powers can be easly calculated with diagonalization
Ax=xx
+ Ann x m with n independent efgenvalues can be diagonalzed using, P
elgenvalues and eigenvectors e
o s dthe *
diagonal matrix A with eigenvalues of A, then < tn genens,
isAs
- a5 1sns
A=sAS s
SIAS-A ks
« Inverse s also easy to oblain after elgendecomposition
Alosalst
Singular Value Decomposition Singular Value Decomposition
+ Singalar value decompositon (SVD)of an n  m matrix X s B B
X-uzvt B
U s ot e
I isan x m diagonal maine of sigular values
VF I mx morogonal mar
« Singular vectors n U are the eigenvalues of XX x u T vr
) - ; "
+ Singular vectors in V' are the igenvalues of X'X  Since n—  rows and m —  rows of i, the decompostion does need the
full matrices




Low rank estimation of a matrix

X u : v

X u z vr
Xic = ULEV] is the bestrank k estimation of mrix X

Derivatives

+ Derivative of a function () is another function () indicating the rate of
changein f(x)
« Alternatively: f'(x) = $£(x)
det

o he tangent line to the functi
given point

velocity P
+ Our main interest:

inflection points)

the curve defined by the m“mmy

Example: derivatives

+ 1/(x)is negative when f(x) is
decreasing, positive when it is
increasing

+ The absolute value of (x) indicates
how fast f(x) changes wi
changes

« 1(x) = 0 when ata stationary point

« (a) isa (g00d) approximation to
the f(x] near the @

Derivatives and extrema

+ Derivative of a function is 0 at
‘minimurm, maximum and inflection
ints

+ Derivative is useful for optimization
(minimization of maximization)
problems

+ We need additional tests to
determine the type of crifical points

Partial derivatives and gradient

- InML, in (error)

oA with respect toa
single variable, noted 3¢

Gradient visualization

Gradients:

« Avery called gradint isthe vector of s with
respect to each variable

o ar . .

i) = (26, 2
= (o) : :

+ Gradient points tothe direcion ofthe stecpest change

« Examples if f(x,y) = %* + yx
Ul y) = (3¢ + y.x)

Probability mass function
Example: probailte fo senence ngth i words
+ Probabiity mass function (PM) of  discree randorm variable (X) maps every
possible (x) value to ts probability (P(X = x))

Probability density function (PDF)

+ Continuous variables have
probability density functions

5 « plx) s nota probability (note the v
= notation: we use lowercase p for
o 115 PDF) .
ER « Area under p(x) sums o 1.00
i o “PX=%=0 05
o1 2 &= « Non zero probabiltis are possible N
for ranges:
7 00w L a1 b
Mo = ! A
™ S 9 oon o~
TG Y oo D S IR
1 oo
Joint and marginal probability Self information / surprisal
Two. bl ajoint
Selfinformation (or surprisal) associated with an event x is
An example with lette bigrams:
a < . !
b d h 1x) = = —logP(x)
a| 00+ 002 002 003 005 001 002 006| 023
D| Gl G o o o G o) o) o + 1f the event is certin, the information (or surprise) associated with it i .00
c| o002 o0 00 o000 ool 000 o000 oor| 0o
d| 002 000 000 001 002 000 001 002 008 o i e content
c| 006 o002 oo o003 o008 oo ool 007| 029 « Base of the log determines the unit of information
£| 00 000 000 000 001 000 000 o0l| 002 bits
g| 001 000 o0 o001 002 o000 oo o002 007 N
h| 008 000 000 o0l olo 000 ool o02| o2 DRy
023 001 005 008 02 002 007 02
Entropy Pointwise mutual information
Entropy is a measure of the uncertainty of a random variable: Pointyvise mutual information (PMI) between two events is defined as
Plxy
(X) = — 3 Plx)log Plx) ) = log, oroa¥l
HIX) Z ) log P(x) PMIlx.y) = logs prisis
« Entropy s the lower bound on the best average code length, given the
A oy ok paareies e 556 « Reminder: P(x.y) = P(x)P(y) if two events are independent PMI
0 ifthe events are independent
« Entropy is average surprisal: H(X) = E|log P(x) + if events cooceur more than they would occur by chance
« It generalizes to continuous distributions as well (replace sum with integral) ~ if events cooceu lessthan they would oceur by chance
« Pointwise mutual information is symmetric PMI(X. ¥) = PMI(Y, X)
([ vy s souts dsbuten. Pl i a2 mesr o i (e, bt wards) i
computational /corpus linguistics




Mutual information Conditional entropy
Mutual 1 two random variables
Conditional entropy 'y of a random on another
A= ZZ"“ log wxwmv random variable,

HXIVI= Y PHX|Y=y)
« Mlis the average (expected value of) PMI =
« PMlis defined on events, ML is defined on distributions
« Note the similarity with the covariance (or correlation)
B i v e - 4 « H(X|Y) = HX] if random variables are independent
- also defined for discrete variables o@ y 18 lower if random v
~ also sensitive the non-incar dependence

Y PoxyllogPixly)
3

xekye

Entropy, mutual information and conditional entropy Cross entropy
Cross entropy  of a disribution P, : [
. HIP,Q) == X Plxllog Qlx]
Y (1X) z
s  Itoften arsesin the contextof approximation:
= ifwe approximat th true distibution P with Q
HXIV ) « Itis always arger than H(P): it s the (non-optimum) average code-length of
! P coded using Q
« Itis a common erorfuction in ML for ategorical distributions
HX.Y)
Note: the ntaton H(X, ) s aso sed fo i ntrepy.
Perplexity KL-divergence / relative entropy
Perpleity isthe expanentia version of (cross) enropy; PandQ Kullback-Les
from P or relaive entropy o P gven Q) s defined a8
PP(X) = 2HX) Qi T2

Plx)
+ Perplexity ‘undoes’ the logarithimic scaling Dxt(PQ) = ;P\x\w: )
« Perplexity easier o interpret in some contexts

+ Espec “oranching + Dy, measures the amount of extr bits needed when Qi used insiead o P
fctor + D (PIQ) = HIP, Q) - Hi
Predic the nest word: (5) The perpleity ofa andom variable (5) + Used for measuring th diference between two distributions

+ Note: it is not symmetric (not a distance measure)

Final remarks Some sources of information

On Linear algebras
« Aclassic reference book in the field is Strang (2009)
« Alsto video lectures from the author:

understanding modern methods in ML
« For math (and also for programming), it i difficult to master the concepts
with passive participation. You need to practice
Next
« Recap: regression
« Recap: classification

« A nice video series by 3Blue1Brown (also some calculus):
https: //wus. youtube. con/playlist?list
PLZHQUDONTADHax9K-1SIDAVRAYOIESYE.

« Shifrin and Adams (2011) and Farin and Hansford (2014) are textbooks with
amore practical/graphical orientation.

+ Cherney, Denton, and Waldron (2013) and Beezer (2014) are two textbooks
that are freely available.

Some sources of information (cont.) Some sources of information (cont.)
On probability theory: B Beezer, Robert A. (2014). A FintCorse i Liner g, version3
+ Please read, and follow the exercises in Goldwater (2018) B :“ grue “I‘) - d“l‘ "\I; 80984 d"\“d “ ““‘l‘ﬂ//h;;‘i; u‘PS od I N
« See Grinstead and Snel (2012) a more conventional introduuction to R T e
robability theory. This book is also freely availabl math-ucdavis.edu. uRL: kit e Bt ey o ne
iy y B Farin Gerald E. and um\..umm o1 Pl oy
« For an influential, but not quite conventional approach, see Jaynes (2007) toolbor. Third edition. CRC s 978-1-4665-7958.3.
For information theory: B Goldater, Sharon (2018) Boste probabilty thmvy &1 hetps: //onepages
+ MacKay (2003): afrely availabl textbook with further topics in ML, also nabilicy. 120pdt
includes probabiliy theory, B Crntend, Charca Mille and Jrens Lot snlh (2012). It o
probabiity. American Mathematical Sociey.rn: 9750821894145, un

« Shannon (1948) http://u. dartmouth. edu/-chance/ teaching_aids/books_articles/
In general for math: probability_book/book bt
+ Many open books on math: ) Jaynes, EdoinT (2007, Pty Ty T Logc of Sk B by
htepa://wau. openculture. con/fres-nath-textbooks G Larry Bretthorst. Ca

idge University

Some sources of information (cont.)

8 ke David ). . o). It Ty e L
mbridge Universi 760521642989, une
vpemn/boor.
19i8) A maﬂmmaucal incoryof commnicaton”.

B s»,mm, u,wm,m and M‘.mim R Adams pum lmmr Algebra. A Geometric
B sm.\&, it (30, inodcio o Lines A, FourthEdion, 4.
Wellsiey Cambridge Press son: 9780980232714



https://www.youtube.com/playlist?list=PL0-GT3co4r2y2YErbmuJw2L5tW4Ew2O5B
https://www.youtube.com/playlist?list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr
https://www.youtube.com/playlist?list=PLZHQObOWTQDMsr9K-rj53DwVRMYO3t5Yr
https://www.openculture.com/free-math-textbooks
http://linear.ups.edu/
https://www.math.ucdavis.edu/~linear/
https://homepages.inf.ed.ac.uk/sgwater/teaching/general/probability.%20pdf
https://homepages.inf.ed.ac.uk/sgwater/teaching/general/probability.%20pdf
http://www.dartmouth.edu/~chance/teaching_aids/books_articles/probability_book/book.html
http://www.dartmouth.edu/~chance/teaching_aids/books_articles/probability_book/book.html
http://www.inference.phy.cam.ac.uk/itprnn/book.html
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